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Rappels de géodésie générale
orbitographie, rotation, déformations, ITRF, mesures

|.  Orbitographie
II.  Mesures

Ill. Rotation

V. ITRF

V. Déformations

VI. Methode inverse
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|. Orbitographie
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The Keplerian elements

Z=Z,
f 3 5
r
S
r \
W ¢
\‘ 1 / )
Keplerian orbital elements: ) ~/~ ks Y
a: semi-major axis > ;
.. —— ?\
e: eccentricit ( = av1- eZ) . I ~
' N o -
I inclination %
. _ X, (Greenwich)
Q@ argument of the ascending node line of nodes

J. argument of perigee

M=n(t-t,): mean anomaly (n=dM/dt: meanmotion)
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Disturbing forces

Pole axis line of apsides
- ( periapsis)

Gravitational forces which derive
from a potential (F = m gradl) :

- GM/r?

- Earth’s perturbing gravitational fie%

- Moon, Sun and planetary attra
- Earth tides '
- ocean tides 2
- atmospheric tides g | acceferations
- Earth and ocean polar tj
- atmospheric pressure

Non gravitational forces or surface’ =
forces(F=m J: |
- thermospheric drag -
- solar and Earth radlatlons —
- thermal diffusion Perturbed keplerian orbit
- relativistic corrections

line of nodes
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Min. and max. accelerations for 4 satellites

1""’(]“
G"N September 2010
lﬂ“ - e
I CHAMP/250km
. I STELLA /800km
Bl | | —— I LAGEOS /5800km | == ]
! I ‘ el ETALON /19100km
PSR | | B — O S ]
ik = &
UG bﬁ e @0
(| ar e ﬂ\sb HHEHE T I %ﬁt---b}i---ii
v .!.E. .... 4§ f-_-”_“i--”f“i--““:--{‘a__-“”::'- .ﬁ.- '--'ie‘ '.
B - ¢ S TR\ :_ﬁ?';?a: sy g
]D_ﬁ -- - --—g@g- 4: ------- % ?---ﬁﬁq%- ----- Q- %?hg‘ --------- ' ------------------------ -
; : i o > ('\':‘“
H i ! 44 HHPHHE BT :".?é\. AEHEHE
i s B
10" k- - 155 -1 - o1 L fn---g----------=
/ ‘: 1 ’ 7
18] : TETTRY] :;.! !.-.::.:: HE "_..:
; 1 Hit Yirii el EeiEiE ol nr H 5
: H a # it I ne p ?
O-Iu - - [* o A /). _ *1: I s_
| ‘ S R /
ou # v -
2 [ i &
10

Some examples of the amplitude of the acceleration taken into consideration
for the numerical integration of the movement (the min. and max. values in
the course of the arc are entered for each satellite).
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Numerical vs. analytical methods

Numerical Analytical

* Numerical integration (of second e Integration (of first order) of Gauss /
order) of the fundamental equation ofL.agrange’s equations in Keplerian
dynamics in Cartesian coordinates: elements
-t - r= A(NRa) da de di dW dw dM
' e v dt ‘dt 'dt’ dt "dt  dt

n
from a set of initial conditions aj t |
(orbit and acceleration model Pole axis ~ line of apsides
parameters):

ITO’F()’ai :(Clm ’Sm""’ pdyn.)

» Adjustment of initial orbit parameters
as well as of model parameters
according to tracking observations:
R~ .10 Q ) , _
DQ:QOS_ Qcac:—_Dr +—_Dr + —Dai NN -
° ! 1r, ° 1, ° . Ta, < ool e line of nodes

* [terative method perturbed keplerian orbit
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The Cowell integration method

System: x=f(xxt) with x(t;),x(t,)

Numerical integration stepsizén: £ (Orb. Period 1., )/4
pCc”
starting NS A
' ' | | | | | ] |
t-s"' 1—:1 tO tl ts tn—md tn-l tn tn+1 1:n+2 tn+p
running v\
— 2 Myd
Normal : Xn =2%n.17 Xn.2th™ AT g

m
Xn:Xn-l+h OAﬁgfn_J‘_d

P (Predictor) : d=1 C (Corrector) : d= 0 /
n)

(with pseudo-correction after 1.st iterati
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Space technigues measurement
used in geodesy

GRACE GOCE
(24/32 GHz 2002 (gradiometry,2009 S

Caméra (1960)

150/400 MHz 1996
GHz up, 2/8 GHz dowri b - TRANSIT (1961-1996..

asooy DoRis AR ST TR




Space geodetic techniques

VLBI

fonction de mesure
geométrigque simplifiée :

__ Bk
G
At=lto-t)]

fonction de mesure
géometrique simplifiee :

P=cAt
Adb=cAr+aN

(P: pseudo-distance f& @ phase)

SLR/LLR

tye céflexion

Sit)
(]

[satellite-
ou Lube) T

-
et
-
%

P(t,). P(ts)

ty : £mission

fonetion de mesure
geometrigue simplifide

ﬁlgzlg
C

ﬁtg =temps de vol AR

1:3 : céception

DORIS

S-8, 2 At 2
S(tlJ i N cpcles i
Dorle | ) |
S(ta) gk \\‘ f\‘\ n f\\ f/\ ff\ [\ :-"[
= o, Vi \'[/ (VARVIRVARY, \P
E?j T \‘\ auverture de fermeture de
= fa fenetre fa fenetre

fonction de mesure

géometrique simplifice :

’5'\3 taitily £vUiLo, 4-1 Julll, 1UUIVUdDE

S, signal repu, & fa fréquence &
S, asignal de bartement, & la fréquence E,

Se signaf émis, & fa fréquence F,

N=[E(-PPiy F A




3 Satellite Laser Ranginc

Lageos 1/2 (@ 1,2m; 407 kg) < :-
426 retro-réflectors o

//mblaﬁybﬁF (Tahltl)

o ".{LH-FGI‘:-QE&}TE{H / _O.C"A (Fr@nce)

T l._;-.,._ S Y
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Détermination dOrbite etRadiopositionnemeriintégrés pagatellite
DopplerOrbitography andRadiopositionning ntegrated bysatellite

On board receiver, 18 kg
390 x 370 x 165 (mm)

Omni-directional DORIS antenna, 2 kg
h 420 x @160 (mm)

Transmitter beacon on 2 frequencies: 401.2
and 2036.25 MHz

sab

STAREC transmitter beacon on ground

DORIS ultra-stable oscillator (USO):
Frequency short term stability : 2:%0bver 10 seconds

doris
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VLBI

Signaux radio

Radio source céleste

i i -
Tg=-B_ So Retard
géométrique

HALCA | MUSES-B
Horloge 1997-2005

Csciliatzur
local [T

Oseillateur @
lo«I:nl o0
N Enregistreur
0o E§ g

Station B

Enregistreur

Station A

Observations
in bands : It R N T
T S (2,3 Ghz) Ecele™ . _' "==v-f -.
1 - X (8,4 Ghz) - | ”Cart*elatg[:_,

Les Observables ( A,0,,7) use




Global Navigation Satellite System (GNSS)

GPS: 1995 (from 1974) ‘&
GLONASS : 2011 (from 1983) *
Galileo : T 2015-20116 (GIQVE-A 200544

e

Nominal GPS constellation >3 /Nomigal/GLONASS constellation
24 satellites,in 6 orbital plane! | 24 } j{es i 6 orbital planes

4 satellites in each plane 7 . 4 sateftes in each plane

altitude: 20 200 km, inclination: 55° altitude: 25 500 km, inclination: 65°
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The 5 levels of observation

Level 3:

MEO / GEO| .

Level 2:
LEO

Level 1: /
Stations / 4’1 rth

gll\St ning 2013, 47J T I
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Internal structure of the Earth and dynamical processes

Variation de
pesanteur | " Variation de la

Orogenese,

extérieure érosion

. L

/ “{"ﬁ&@,’)« Rebond
H"«? post-glaciaire

Altitude de la

Stk '
Yol

Changement du
niveau des mers

Effet de charge

océanique, {
atmosphérique, {
hydrologique

Mouvements du sol

o

T‘ﬁ Hydrologie

/

/

atmosphérique

Perturbation
de l'orbite ,“

-
-
»
-

Nrtl)

spatiale

Variation du
Champ magnétique

Earth rotation is modified by internal, surface and

astronomic phenomena
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IERS Terms of Reference (June 21, 2004)

The IERS was established as the International Earth  Rotation Service in 1987 by the
International Astronomical Union and the Internatio nal Union of Geodesy and
Geophysics and it began operation on 1 January 1988 . In 2003 it was renamed to

International Earth Rotation and Reference Systems Service.

The primary objectives of the IERS are to serve the  astronomical, geodetic and
geophysical communities by providing the following:

The International Celestial Reference System (ICRS) and its realization, the International
Celestial Reference Frame (ICRF).

The International Terrestrial Reference System (ITRS)  and its realization, the
International Terrestrial Reference Frame (ITRF).

Earth Orientation Parameters required to study earth orientation variations and to
transform between the ICRF and the ITRF.

Geophysical data to interpret time/space variations in the ICRF, ITRF or earth orientation
parameters, and model such variations.

Standards, constants and models (i.e., conventions) encouraging international adherence.
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ITRS: International Terrestrial Reference System

Z

Mean crust

X
O: Earth barycenter (slow movements)
P,: conventional pole close to North pole

G: origin of longitudes
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Polar motion

The polar motion has 3 principal components:

- the Chandler’s oscillation at a 14 months period (~7 m)

- the annual oscillation caused by seasonal variations of
the atmosphere and oceans (~3 m) !

- the polar wander toward Canada (~10 cm/yr)

B B8 =288 E

nas

180

160

140

120

100 -

a0

al -

LI

20

Chandler in 430 cl

lyr

Pl itk ot S

000 (.40

FFT Polar motion = y

~),

0,80 1.20

-8 FFT

= —rigid Earth 82
— = elastic Earth

<+ = Eulerin 303 d

o

! #Frrﬂil1h¢y:

A
|
|
|
|
|
|
|
|
|
|
|
|

P/
(Y4
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Earth’s rotation

-0.9s< UT1-UTC <+0.9s
UTC =TAI +n

(TAI=UTC + 34s 01/01/09)

0
[
L
|
|
~10 I
P S R iy RARGARRAE M M S | 4 FOJTELY 8 " e e -
o — T : ! i '
3 —— TUC-TAI i ! | : |
'« 2 | - I | ottt e e e e e et Bt —]
» | | i |
I | 1 |
I 1 ] |
L e e s T et | G A T T T (R 7]
.................................................
1950 1970 1980 1990 000 010
_3g
40 - -
1960 1870 1980 1990 2000

2 billions years ago: 1 day = 10 hrs
400 millions years ago: 1 year = 400 days of 21 hrs
53 millions years ago: 1 year = 370 days of 24 hrs
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The Earth in space

k

+
rotation axis of the Earth

#*
celestial sphena

apparent diurnal
motions of quasars

elasticity of the
- entire Earth

Giraanwich
mmeridian
angle
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Earth’s precession
» discovered by Hipparchos ¢ 100 BC)

» difference between the tropic year and the sid e
* intersection between the equator and the ecliptic a retrograde motion in 26 000
years 50.3"/yr (1500 m/yr) (Hipparchos : 40"/yr according to obséores from

Timocharis)

e Origin; gravitational attraction force of the Sand Moon on the Earth’s equatorial
bulge thwarted by the centrifugal force of rotatadrthe Earth

Fy>F,

Analogy in spinning a top
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The Earth on Its orbite

Axis in
approximately
11,000 years

Axis now

(b) Conditions now

/

January ,!

(c) Conditions in about 11,000 years

& 2007 Thomson Higher Education
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Earth’s nutation
* discovered by Bradley (1737)

» main elliptical oscillation in 18.6 years (6.86” 29" 300 m) of the Earth under
the effect of the lunar gravitational attraction

e origin: variation of the lunar gravitational attteon on the Earth’s equatorial bulge
due to the periodic motion of the lunar inclinati(@? 9’) with respect to the Earth’s
equator, consequence of the 18.6 yr precessioheohode of the Moon’s orbit with

respect to the ecliptic (motion caused itself by $un’s gravitational attraction)
noeud

Lune

a0 1 Cyrele: Hutation in Obliquity vs Long

10

Obliquity Seconds of Arc
=

-10

g -10 0 10 20

Lomgitnde Secoruds of fre
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other technigues

Techniques EOP fournis de facon opérationnelle

VLBI Tp, Yp, UT1, d1p et de
Satellites Systéme GPS Tpy Ypy A(LOD), &, et 7,
Systeme DORIS =z, 1, et A(LOD)
Télémétrie laser =z, y, et A(LOD)
Laser-Lune UrT'l
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In practice

We need:

A precession/nutation model
— cf. IERS standards

pole coordinates (x,,y,) and UT1
— dally files including predicted values (IERS)

sub-diurnal correction of pole coordinates
and UT1

— cf. IERS standards
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Timescales

Atomic time , with the use of the International System unit (the second),
IS the duration of 9.192.631.770 periods of the radiation corresponding to
the transition between two levels of the Cesium 133 atom.

Sidereal time_ is the rotation period of the Earth respect to fixed point
among the stars. It varies with Earth rotation.

Universal time _ is the length of the mean solar day. It tends to be as
uniform as possible although the Earth rotation changes.

Universal Time Coordinated (UTC) is based on international atomic
timescale but can be a few seconds apart. UTC is set to be less than 0.9
seconds from universal time UTL1.

UTC =TAI+n (TAI=UTC + 36s 01/07/2012)
TGPS = TAI - 19s from 6/1/1980 at Oh
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WGS84 / GRS80

TheWorld Geodetic Systemof the US Department of Defence, callédS 84,is
currently the reference system being used byalobal Positioning Systemlt is
geocentric and globally consistent withsh m with current geodetic realizations of the
geocentric reference system fanlilgernational Terrestrial Reference System(ITRS)
maintained by the IERS.

TheWGS 84is the realization of th&RS80(1980 Geodetic Reference Systgm
reference ellipsoid.

Defining features:

Semi-major axis: a =6 378 137.0 m

Semi-minor axis: b = 6 356 752.3 m

Flattening: 1/f = 298.257222

Defining physical constants

Geocentric gravitational constant, including masthe atmospherésM = 398600.5 r#s?
Dynamical form factord2 = 108263. 108

Angular velocity of rotation 6 = 7292115. 101 st

Longitudes, which are used by satellite navigatysteams, differ slightly from traditional
longitudes. The WGS84 zero meridian is 102.5 matrélse East of the line marked at
Greenwich.
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ITRF2008 realization

ITRF solutions (ITRF88, ITRF92, ITRF93, ITRF94, IF86, ITRF97, ITRF2000,
ITRF2005, ITRF2008) consist in sets of station pass and velocities with their
variance/covariance matrices.

In the ITRF2008 release, Earth Orientation Parare¢EeOPs) have been combined
simultaneously with the station coordinates.

Input of ITRF2008

ITRF2008 Network

Technique ';Ii?ec: Time span
VLBI 84 1980.0 - 2009.0
SLR 89 1984.0 - 2009.0
GPS 492 | 1997.0 - 2009.5
DORIS 67 1993.0 - 2009.0

-9 -an”
180° 240° g3po° p° B0 1207 180°

579 sites (920 stations)
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ITRF2008 Datum Specification

Origin: SLR
Scale : mean of SLR &VLBI

Orientation : aligned to ITRF2005
(and rates)

using 95 stations located at 79
sites:

— 55 at northern hemisphere
— 24 at southern hemisphere
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10 APO VS J:(PD ILRS APO 1GS

0.0 +— - - o app—ia

0.5 saigievh, - A . :

1.0 "':f#:-- et ' AN
1980 1990 2000 1980 1990 2000 1980 1990 2000 1980 1990 2000

10 YPO IVS YPO ILRS YPO IGS YPO IDS

0.5 .-t ks ] ] adk.

0.0 ki e

-0.5- - -

ITRF2008P PM residuals

1980 1990 2000

Source: Zuheir Altamimi

WRMS in pas
X-pole Y-pole X-pole Y-pole
GPS 10 10 VLBI 142 120
DORIS 239 353 SLR 144 128
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Tectonic motion (in the hot spot reference frame)

NNR-Nuvel-l1a (DeMets et al., 1994)

Plate Velocity (cm/a)

10 cm/a North-West

1 cm/a East

2 cm/a North

Rotates around itself

Indo-Australia 7 cm/a North

1 cm/a West

1 cm/a North

7 cm/a East

8 cm/a West

3 cm/a North-East

5 cm/a North-East

1 cm/a North-East

(source: www.geologie.ens.fr)
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ITRF2008P horizontal velocity field

Major piate boundaries are
shown in green
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ITRF2008P Vertical Velocities < 3mm/y

& x 1 | I ¥
/} - I o s .3
. | .
‘5m"‘ ITRF2008P UP velocities I
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Main physical deformations
 Earth tide
» surface loading
- ocean tides
- ocean currents
- atmospheric pressure x .
- hydrology
- post-glacial rebound
e polar tide
e tectonics

e earthquakes
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Solid Earth tide : theory of Love (1909)

Equipotential at the surface: U (r,/,/)=C

X

The tide potential introducesdeformation of the equipoteatial '9
as : r+x,/,/)+U4lr,/ .,/ )=
U( A/ ) US( /s ) ¢ U U 0J : tide potentigl
hence : U(r,j iy )+11]—Ux+us(r,j A ):C where :X:-WS:ES U : Earth potential
r L

r
In a hypothesis of elastic Earth, the displacenwnhe crust must be proportional to

the excitation. Gm ° R
Excitation: Ug=—— — RO(COSq)

[+1

Us

, h, : Love number (dimensionless) of vertical deformati

9 The increment of external potential generated &y th
elastic deformation of the Earth is proportionalttze
excitation potential and verified the Dirichlet

( principle. That is théarth tidal potential:

3 R | +1
DU = — U.(r)
|:2. r Sy

K, : Love number (dimensionless) of potential
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Solid earth tide deformation

Vertical displacement
GRAZ station 03/01/2006

0.1

—— Seolid Tide (Model}
e--o PPP GRGS Hourly Sclution

Meter
=
I

N N Y S N (S I A N N N N N N N B
0 1 2 3 4 5 6 7 8 9 10111213 14 1516 17 18 19 20 21 22 23 24

Hours
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Ocean tides modeling

The height of ocean tides is expressed by a slanrowaves :

i /Y= 2,6/ codqt)- v,/ /)
Z. is the amplitude of the wave n, n
g, is the phase,

& is the Doodson argument which is expressed in liceanbination of 6 variables
g,(t)=ng +(n,- 5)s+(n,- 5)h+(n,- 5)p+(n, - 5N+ (n, - 5)p,
These 6 variables with decreasing frequencies

represent the fundamental arguments according
Sun and Moon motions :

fi. angle of the mean lunar day (1.03505 d)

s :angle of the mean tropic month (27.32158 (
h :angle of the mean tropic year (365.2422 d)
p :angle of the mean lunar perigee (8.8473 YY)
N‘ : angle of the mean lunar node (18.6129 y)
ps : angle of the perihelion (20940.28 y)

n, (=0, 1, 2, 3...) defines the specie (long perddrnal, semi-diurnal, ter-diurnal...),
n, the group (in general :In, 79) andn, the constituent (17/n; 79).
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Vertical displacement due to ocean tide loading
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(meters)

0
longitude

Load deformation from ground pressure
over continents only:

_4pGR L . I
B ==0r o, ARG

Load over ocean is supposed to be
balanced by the hydrostatic (or inverse
barometer) principle:

q:E:rWh (1mb0 1cm)

9

=180 =150 =120 -90 =60 =30 30 60 2 120 150 180

Atmospheric load

Amospheric pressure over continents in

spherical harmonics functions:
L |

DP = P .(sinj )(DRS, cosmv +DRS, sinnv )
[=0 m=0
L | ]

= DR.(./)

[=0 m=0
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Vertical displacement at station induced by
atmospheric loading (in mm)
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Atmosphere/ocean: the ocean reaction

Non inverse barometer model

The ocean surface is not changed ;
atmospheric pressure is completely
transferred to ocean floor

Inverse barometer model
Ocean surface moves to stay in
hydrostatic equilibrium with the
atmosphere ( P= ,gh)

Dynamical model (ECCO,
MIT,MOG2D, TUGO) : ocean surface l

changes but one part of atmospheric
pressue is transmitted to ocean floor
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Post-glacial rebound
Secular deformation (from GRACE):

L _ —
DN,, =R P _(sinj )(DCIm cosml +DS,, sinml )

=2 m=0

Surface deformation (mm/yr)
ICE-5G model (Peltier & al.)

Ice coverage at the end of Pleistocen

Empirically (Wahr et
al., 20032:
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Hydrology (from climatology data)

4GRr, - I '
g 1=2 2l + 120 ul
( =1000 kg/rd)

Load deformation from water height (over continesrify): Uf=
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L _ _ 50 .
DN =R P (sinj )(DC,, cosml +DS,, sinml ) Dh,=— 9 2+ oo
1=2 m=0 4pGR , -, 1+k¢
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Hydrological loading in Amazonian bassin

L7
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Synthesis of displacements

Vertical horizontal
Earth’s tide 30 cm 10 cm
Ocean tide loading 10 cm 3cm
Atmospheric loading 2.5cm 0.8 cm
Polar tide 2.5cm 0.7 cm
Hydrology 20 cm a few cm
Tectonic 1 cml/yr 10 cm/yr
Geocenter ~3 mm
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Rappels de géodeésie genérale

VI. Méthode inverse
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lllustration d’ajustement de parametres par la méthode des moindres carrés

Ces équations d'observation proviennent d'un développement en série de Taylor au
premier ordre (donc de la linéarisation) d'un systéeme non linéaire :

1Q, _
sex Dp _Qmes_ Q €0
j=Ln ﬂpj J "

Avec:
Qiheo €1 Q. lesquantitégheoriquest mesurée,
p :le vecteurdesparametres
Dp :la correctiondesparametregnotex dand' équation(1))

ﬂ‘l?the" ‘le vecteurdesderiveegartiellesdela quantitéthéoriqugrarrapportachaqueparametre
P;

La matrice A dans I'équation d'observation est alors appelée "matrice des dérivées
partielles"”, le vecteur x des inconnues "vecteur de correction des parametres"” et le
vecteur B "vecteur des résidus d'observation” (quantité mesuree moins théorique).

L'équation d'observation (1) est une équation surdéterminée, elle n'a donc aucune
solution exacte. Il faut introduire dans I'équation (1) le vecteur des erreurs. L'équation

(1) devient: |[A*x=B+€+S (2)
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lllustration d’ajustement de parametres par la méthode des moindres carrés

Etant donné qu'il y a une infinité de solutions possibles a I'équation (2), il faut
choisir un critéere permettant de trouver la solution "optimale".

Le critere choisi est celui des moindres carrés : on cherche le vecteur x qui
minimise T ,ou = A*x-B et estla matrice diagonale de pondération des
observations telle que =1/ 2.

On peut montrer, en dérivant T  par rapport a chaque inconnue x;, que T
minimum AT =0.

En reportant dans I'équation (2), on aboutit a I'equation normale suivante :
N*x =S (3)

Ou:

N = A'P A estla matricenormaleet S = A'P B estle seconimembrg

N est carree, de dimension n*n, et est symétrique définie positive.

La solution x, optimale au sens des moindres carrés, est obtenue en inversant
la matrice normale N et en calculant le produit : [x=N"**S
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Synthese :

Satellite a t +/- dt
(4

Station4e€]

N

Détermination par methode inverse des

parametres :

edynamiques des modeles
edes observations
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Accélérationg

E=gracU +g
m

Intégration

%z %(r,r,t)

(ro’ ro)

Comparaison aux observatio‘ns

obs i

Formation des équations normal‘es

NDp, =S

Résolution

Dp =N"'S
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units

milli arc seconde (mas) = deg/3600/1000

lmas =3.1cm =606 psec
1cm = 0.32 mas= 21 usec
100 uysec=1.5mas =4.6cm
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